We examine a renormalizable SUSY SO(10) model without fine-tuning. We show how to construct MSSM doublets and to predict proton decay. We find that in the minimal set of Yukawa couplings the model is consistent with the experiments, while including 120 H to fit the data there are inconsistencies.
Introduction
Supersymmetric (SUSY) Grand Unification Theories (GUTs) of SO (10) [1, 2] are very important candidates for the new physics beyond the Standard Model (SM). As was firstly occurred in the SU(5) models, a very serious difficulty in all GUT models is the realization of doublet-triplet splitting (DTS) within the same Higgs multiplets. The two Higgs doublets of the Minimal Supersymmetric Standard Model (MSSM) have weak scale masses, while the color triplets and anti-triplets in the same representations need to have masses of the GUT scale. This is not only needed in the realization of gauge coupling unification [3, 4, 5, 6, 7, 8] , but also needed in the suppression of proton decay mediated by the colored Higgsinos [9, 10, 11, 12] .
In the models without natural DTS, the two Higgs doublets of the MSSM are generated through fine-tuning the doublet mass matrix [13, 14, 15, 16, 17, 18] . The condition is highly nonlinear, so that it is difficult for these doublets to satisfy those constraints got by fitting the SM fermion masses and mixing. Consequently, the superpotential parameters are difficult to fix so that the models are difficult to make definite predictions on data like proton decay.
In the present work, we will discuss the MSSM doublets and proton decay in a renormalizable SUSY SO(10) model [19] in which the DTS is realized through the Dimopoulos-Wilczek (DW) mechanism [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33] of missing Vacuum Expectation Value (VEV). In this model, the MSSM doublets are linear combinations of the Higgs doublets from several different representations of SO (10) . Consequently, the superpotential parameters are easily related to these doublets. Then the color-triplet Higgs mass matrix is determined, which makes the determination of proton decay feasible. Being a renormalizable model, the Z 2 subgroup of the SO(10) centre Z 4 remains unbroken which acts as the matter parity, thus dangerous dimension-4 operators of proton decay are eliminated, and the lightest SUSY particle (LSP) is stable which is a good candidate of the dark matter [34] .
There are also other important advantages in the model [19] . Following [35, 36, 37] , the type-I seesaw mechanism [38, 39, 40, 41, 42, 43, 44] for neutrino masses and mixing is incorporated without introducing a real scale. Instead, only a VEV smaller than the GUT scale is used, so that all heavy particles are given masses of the GUT scale. Consequently, the mass splitting among them is not large and thus the threshold effects of the GUT scale can be small, at least when we adjust the parameters which are not used in the present numerical study. In this sense the gauge coupling unification is maintained. Furthermore, the form of the color triplet mass matrix exhibits proton decay suppression explicitly [36, 37] . However, whether the model [19] is realistic or not depends on whether its prediction on proton decay is consistent with the data, and we will examine this in the following.
Superpotential
The model in [19] is a renormalizable SUSY SO(10) model in which the Yukawa couplings are given by the superpotential
which is generally enough to fit all fermion masses and mixing. Here ψ i (i = 1, 2, 3) are the matter superfields, H 1 , D 1 and ∆ 1 are the Higgs superfields in the 10, 120 and 126 representations of SO(10), respectively. SO(10) symmetry is broken by Φ(210) and/or A(45)
Y of the MSSM symmetry, the SM singlets which carry nonzero B − L quantum numbers are needed to have VEVs. In renormalizable models these SM singlets are contained in ∆(126) + ∆(126). It has been studied in [15] that these VEVs v = v, which is required by the D-flatness of SUSY, should be taken at the GUT scale 2 × 10 16 GeV to avoid breaking gauge coupling unification. However, to generate low energy neutrino masses and mixing, the seesaw mechanism requires these VEVs to be of order ∼ 10 14 GeV. To solve this discrepancy, we need to introduce two pairs of ∆ + ∆, one ∆ 1 couples to the matter fields through (2.1) which has a smaller VEV v 1 ∼ 10
14 GeV for the seesaw mechanism, the other VEVs are at the GUT scale to realize gauge coupling unification.
To be specific, we introduce the following superpotential
which contains all interactions relevant to the U(1) B−L breaking. The D-flatness condition of maintaining SUSY at the GUT scale is simply
where Φ 0 is a combination of the three VEVs in Φ, and the SO(10) singlet Q has a VEV ∼ 10 −2 Λ GU T . This smaller VEV Q can be linked with the Planck scale by Q ∼ Λ 2 GU T /Λ P lanck through the Green-Schwarz mechanism [45, 46, 47, 48] , provided that the extra global symmetry is embedded into an anomalous U(1) symmetry [37] . One set of solutions of the above equations require m 2 + η 2 Φ 0 = 0, which gives
and
and v 2 ∼ v 1 ∼ Λ GU T satisfying the D-flatness condition. Note that following (2), the color triplet-anti-triplet mass matrix has the structure
When only ∆ 1 couples with the matter superfields, we can integrate out ∆ 2 − ∆ 2 to generate the effective triplet mass matrix whose elements are ∼
Consequently, the dimension-five operators for proton decay mediated by the color triplet-anti-triplet of ∆ 1 are suppressed accordingly. To suppress proton decay mediated by D 1 (120) of (2.1), we need also introduce a second D 2 (120) to get a mass matrix with the same structure as (5).. Now we include H 1 (10) which couples with the matter superfields.
Note that in Φ there is also a pair of SU(2) L doublets. As will be seen in the next Section, v 2 = 0 eliminates some possible mixing terms between the doublets of Φ and those of H 1 , D 1 , ∆ 1 , ∆ 1 . This is crucial in generating a pair of massless doublets in the model. There are, however, also a pair of massless color triplet-anti-triplet. To give these triplet masses of the GUT scale, we need to use the DW mechanism using a second H 2 (10) and A(45) with DW-type VEVs A 1 = 0, A 2 = 0. Here A 1 and A 2 are the VEVs of the SM singlets in the (1,1,3 ) and (15,1,1) directions, respectively, under the SU(4) c × SU(2) L × SU(2) R subgroup of SO (10) . To suppress H 1 (10) mediated dimension-five operators for proton decay, we need another A ′ (45) whose VEVs A ′ 1 = 0, A ′ 2 = 0 which are the compliment to the DW (CDW) mechanism. In [19] it was found that the simplest method to realize both the DW and CDW mechanisms is using the superpotential of the form
which contains all interactions for A ′ and the new A ′′ (45) contributing to their F-terms. Here P, R are SO(10) singlets playing the roles of masses and E is a 54 of SO (10) . Solving the F-term conditions for A ′′ gives the CDW VEV A In the renormalizable models, the direct application of the DW mechanism does not work, since the couplings H 1 AH 2 and D 1 AH 2 exist simultaneously. The later interaction invalidities the DW mechanism due to the coupling D 1 (15, 2, 2)A 2 (15, 1, 1)H 2 (1, 2, 2) using the notations under SU(4) c × SU(2) L × SU(2) R . To avoid this interaction, the filter mechanism [33] can be used with the superpotential
where dimensionless couplings are suppressed. The singlet P is used as a filter to eliminate D 1 P AH 2 while keeping H 1 P AH 2 . To apply the CDW mechanism to suppress proton decay mediated by the color triplets of H 1 , the last term in (7) is replaced by
Consequently, H 1 mediated proton decay is fobidden, as can be seen in Section 3. In building realistic models, mass parameters can be replaced by VEVs of singlets and/or 54s. When we use all the above superfields to build the model, the F-flatness conditions cannot be all consistent so that a new E ′ (54) is introduced. All the superfields are summarized in Table  1 . To avoid unwanted terms, we have enforced an extra symmetry Z 24 × Z 4 under which the transformation properties of all the particles are also listed in Table 1 . Note that to generate the seesaw VEV ∼ Q through the Green-Schwarz mechanism, this discrete symmetry is the subgroup of the anomalous gauge U(1) groups [37] , its symmetry breaking may not bring in the domain wall problem. Then the full superpotential is (10) (10) 
The weak doublets and the color triplets
The mass matrix for the doublets can be read off from (9) . To simplify the discussion, we neglect W f ilter at first and consider its effects later. The mass matrix for the doublets is
where the columns are (H
2 ), and the rows are
. The 6th row corresponds to Φ d , and the first 5 entries in this row are proportional to v 2 which is zero. It is obvious that the upper-most 6 rows are not independent which combine into a massless eigenstate of H d type, while the left-most 5 columns give a H u type massless eigenstate. Consequently, the massless doublets can be easily seen from (10),
satisfying the linear equations
and the normalization conditions
The explicit forms of A 6×5 and B 4×5 can be read off from the superpotential,
, where
where
Here we have used the fields to represent the VEVs of their SM singlets without introducing confusion, and Φ 1,2,3 are the VEVs of Φ in the (1,1,1), (15,1,1) and (15, 1, 3) 
Now we take into the effects of W f ilter . Ordering both the columns and the rows as (H 
then we have a pair of massless eigenstates
which are the weak doublets in the MSSM. For P having a VEV of order Λ GU T the components of
are not small, thus we can take (15) as pure normalization without significant numerical effects, and we will neglect these effects in the doublets to simplify our discussions.
In the absence of the effects from W f ilter , there are two more pairs of color triplets from ∆ 1,2 + ∆ 1,2 comparing to the doublets, and the mass matrix for the triplets without the effects of W f ilter is
, while the rows are similarly ordered. Again, there is a pair of massless triplets. We can re-write the mass matrix in (16) as
so that only the upper-left sub-matrix may couple to the matter fields. The explicit forms of
In calculating proton decay rates mediated by the color triplet Higgsinos, what is relevant is the effective mass matrix M Ef f which is got from the full mass matrix by integrating out those fields which do not couple with the matter fields. This effective mass matrix is
Proton decay amplitudes depend on the inverses of the eigenvalues of M Ef f so that small eigenvalues of C ′ are needed to suppress proton decay. C ′ 6×6 contains 5 small eigenvalues which are not enough to generate 6 large eigenvalues for the effective mass matrix. This is cured by including the effects from W f ilter which gives (17) is replaced by an infinity. Now there are 6 large eigenvalues including an infinity in the effective triplet mass matrix which are supposed to be sufficient to suppress all proton decay amplitudes.
Determination of the parameters
In order to calculate the proton decay rates, we need to know the parameters in the color triplet mass matrix. These parameters also appear in the weak doublet mass matrix which gives the two massless doublets of the MSSM and hence are linked to the matter masses and mixing. There are also constraints from the neutrino oscillations [17, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62] . In the literature, however, since few people believe that the MSSM doublets are got through fine-tuning the doublet mass matrix, proton decays are calculated by simply adjusting parameters in the color-triplet mass matrix [17, 63, 64, 65, 66, 67] . The fitting of the fermion masses and mixing can give constraints on the components of the weak doublets, but they are not linked to the color-triplets in the absence of a realistic mechanism of naturally generating the weak doublets.
In the model of [19] , the doublets are got without fine-tuning so that the parameters in the doublet and the triplet are closely related. Consequently, we need to consider the constraints from the doublets to determine the superpotential parameters. Instead of adjusting the superpotential parameters, then solving the weak doublets and requiring them to satisfy the low energy data, we find it is easy for the weak doublets to take their reasonable contents while the superpotential parameters are determined later. For those parameters unconstrained by the present data, we simply take them to be of order one as reasonable inputs.
Although there are several works on fitting the data, only in [17, 61] the detailed results are presented. In [17] an unacceptably small component of 10 H in the MSSM doublet H u is used so we will use the numerical results in [61] . The constraints on the contents of the MSSM doublets give two ratios
In [61] the results are given for tanβ = 10, 38, 50 for 10 H + 126 H coupling with the matter superfields, and tanβ = 50 only for 10 H + 126 H + 120 H coupling with the matter superfields. The former corresponds to taking Y 120 = 0 in the later case.
We take tanβ = 10 as an example which corresponds to r = 13.1538 and s = 0.244325 + 0.0495071i in [61] . First, we input the reasonable contents of the MSSM doublets as 
From the normalization conditions (11), we have
Second, we require that all the GUT scale masses are of the order of 10 16 GeV except Q which is taken as ∼ 10
14 GeV for the seesaw mechanism, and all the massless couplings are of order 1. The following massive parameters
are in the unit of 10 16 GeV, where in the second line the VEVs are taken larger values due to normalizations. Note that in principal the VEVs in (25) should be determined through solving the F-and D-flatness conditions after all the superpotential parameters are fixed first. The vice verse is also true, since there are extra free parameters in (9) not used in the numerical calculations.
Third, for the dimensionless couplings we take
By solving the linear equations (12), we get 
We also get v 1 = 0.0117188 through (3) which gives masses to the right handed neutrinos. Accordingly, for the color triplets, we have 
In choosing the numerical inputs above, we do not fine-tune any number besides solving the linear equations (12) . instead, we have imposed the constraints on the inputs that only few small or large matrix elements can exist and all the eigenvalues of the doublet and the triplet mass matriices are of order Λ GU T . Then, no large splitting exists in the spectrum so that the GUT scale threshold effects are small. Consequently, the predictions on proton decay in the following are not tuned which will be taken as natural estimations in the model [19] .
The proton decay via dimension five operator
In SUSY GUT models, proton decays are dominated by the baryon and lepton number violating operators of dimension-five
dressed mainly by the wino components of the charginos [12] . The coefficients are [14, 17] 
Here M C is effective triplet mass matrix got by integrating out those fields which do not couple with Q or L in (17, (30) (31) (32) 
The dominant proton decay mode via the dimension five operator with the Wino dressing diagram is p → K + ν. The decay rate is approximately
which gives the partial lifetime
for tanβ = 10. In (37) we have used the MSSM and hadronic parameters taken from [17] . The above numerical predictions depend on the inputs (20) (21) (22) (23) (24) (25) (26) (27) . We have changed several VEVs by a factor of two around 2 × 10 16 GeV, and find that the proton partial lifetime varies in 10 34 ∼ 10 36 yrs for tan β = 10, consistent with the present data. We also calculate the proton decay partial lifetimes with constraints given in [61] which are
for tanβ = 38 and
for tanβ = 50 with 10 H + 126 H giving fermion masses. As we can see, the proton decay can be suppressed even for large tanβ and there is no obvious tanβ dependence in the partial lifetimes which are all consistent with the present lower limit 6.6 × 10 33 years [68] . Table 3 : Partial lifetimes of proton decay in years using different Higgs to fit fermion masses. Dimension five operators with charged wino dressing are used only. Inputs (20) (21) (22) (23) (24) (25) (26) (27) are used. The Yukawa couplings are taken from [61] .
However, using the results by fitting the data with 10 H + 126 + 120 H [61] ,
which is much lower than the data [68] . This can be tracked back to the Yukwawa couplings given in [61] . Compared to the fitting without 120 H , all the entries in the Yukawa couplings Y 126 and Y 120 appearing in (34, 37) are lager by one order of magnitude. Thus the results in this case is very difficult to understand, since without 120 the fitting is rather good except small values like m e [53] , thus 120 is probably playing a minor role in the fitting. Also, the top quark mass calculated using the results in [61] is generally larger than the input used by the same paper, which exhibits probably numerical inconsistency in [61] . There are also sub-dominant decay modes whose partial lifetimes are also calculated. The results are summarized in Table 3 . Again, there are conflicts when 120 H is included to contribute to the fermion masses.
Summary
In this article we have examined the renormalizable SUSY SO(10) model [19] . Without any fine-tuning of the parameters, we have shown how to construct MSSM doublets, to determine the parameters of the model, and to predict on proton decay rates. We find that in the case using with 10 H + 126 H to fit fermion masses and mixing, proton decay lifetimes are consistent with the experiment. In the case using also 120 H to fit the data, proton decay too fast. However, we find the numerical results with 120 H may not be consistent, and independent check of the same study is highly called for.
As in all renormalizable SUSY GUT models, the large representations used in [19] contribute largely to the β-function of the GUT gauge coupling. Then the GUT gauge coupling blows up quickly above the unification scale and cause the non-perturbative problem. However, the universe was in the GUT symmetric phase at very high temperature in its very early stage. There happened a phase transition and the GUT symmetry was broken when the universe was cooling down. However, this phase transition has only been well studied in very simple models in the perturbative region. Without definite conclusions on the phase transition especially in the models in non-perturbative region, the running behavior of the GUT gauge coupling before this phase transition may not be a real difficulty.
